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We construct a transitive space that is the union of two subspaces homeomorphic to the 
(non-transitive) Kofner plane. Moreover, we show that the product of two transitive spaces need 
not be transitive. Finally, we observe that results of E.K. van Douwen establish that, under b = c, 
there exists a locally countable locally compact non-transitive zero-dimensional space. It follows 
that under b = c neither a locally transitive nor a compact space need be transitive. 
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Introduction 
We recall some standard definitions ([l], [6]). 
A binary relation V is called a neighbornet of a space X, if V(x) = {y E XI (x, y ) E V} 
is a neighborhood of x for each x E X. Conversely, we can construct a neighbornet 
V of X by specifying for each XE X a neighborhood V(x) and setting V= 
LJ {{x} x V(X)/XE X}. If V is a binary relation on X, V-’ is defined by V-’ = 
{(x, y)((y, x) E V}. A neighbornet V is called transitive, if V is a transitive relation, 
and a neighbornet V is called normal, if there is a sequence (V,,) of neighbornets 
such that V?+l c V,, and V, c V. 
A space is transitive, if every normal neighbornet contains a transitive neighbornet. 
It is known that transitivity is a topological property that is open-hereditary and 
closed-hereditary ([l], p. 132, Proposition). In [l], Problem M, p. 146, it is asked 
whether transitivity is hereditary. Our first example answers this question negatively. 
Our second example shows that the product of two transitive spaces need not 
be transitive. This example answers the second part of question 9 of [6] and Problem 
N of [I], p. 149. 
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Examples 
Example 1. We construct a transitive space that is the union of two subspaces 
homeomorphic to the (non-transitive) Kofner plane ([4]; [ 11, p. 147). 
LetX=[W2~{1}uIW2~{-l}.Foreachr~IW2andeachn~~letS,(r)betheopen 
disk of radius 2-” lying above the horizontal line through r and tangent to this line 
at r. Similarly, S,‘(r) will denote the open disk of radius 2-” lying below the 
horizontal line through r and tangent to this line at r. We construct a base for a 
topology on X by defining for each r E If@, n E N and i E {- 1, 1) basic open neighbor- 
hoods K,( r, i) at the point (r, i), where 
K,(r, l)=[(S,(r)u{r})x{l}luS,(r)x{-l} and 
K,(r, -1)-S:‘(r) x{l}u[(S~‘(r)u{r}) X(-l}]. 
Obviously, the subspaces R2 X { 1) and R2 x {- 1) of X are homeomorphic to the 
Kofner plane. We show that X is transitive. 
Proof. In the proof we use some ideas of ([5], Proof of Proposition 1). We will use 
the convention that for each n E N and for each r E R2, S!,(r) = S,(r). CA!2 will denote 
the Euclidean topology on R2. 
We define a topology YJJ’ on lR2 with basic neighborhoods K:(r) = S,‘(r) u {r} u 
S,,(r) (n E f+J) at the point r E R2. It is we11 known that (R’, X’) is semi-metrizable 
([3], Example 1). A slight modification of J. Kofner’s proof that the Kofner plane 
is orthocompact shows that (R2, xc’) is orthocompact ([5], Proof of Proposition 1). 
Since orthocompact semi-metrizable spaces are transitive, (R2, .Y) is transitive: In 
fact, if P is a neighbornet, then P3 contains a transitive neighbornet ([2], Corollary 
4.13). 
For the nonce, we call a subset S of X symmetric provided that for each (x, i) E S, 
(x, -i) E S (i = -1, 1). For any neighbornet V of X, denote by % the neighbornet 
of X defined by setting %3(x, i) = {(y,j)l{(y, j), (y, -j)} = V(x, i) u V(x, -i)} for every 
(x, i) E X. Observe that, if SC X is symmetric, then %(S) is symmetric and ‘a(S) c 
V(S); it follows that we have %~‘(S)C Vk(S) for every k = 2,3,. . . . In particular, 
if (x, i) E X is such that (x, -i) E V2(x, i), then B3(x, i) c B’({(x, i), (x, -i)})~ 
V’({(x, i), (x, -i)}) c V5(x, i). 
Now, let U be a neighbornet in X. We will show that U5 contains a transitive 
neighbornet. Without loss of generality we assume that for each r E R2 and i E { - 1, l} 
we have that U( r, i) = K,,,,( r, i). The neighbornet U corresponds in an obvious way 
with a neighbornet of the space (R2, ZV), and it follows that there exists a transitive 
neighbornet W of X such that W c l13. By the foregoing, if (x, -i) E U2(x, i), then 
W(x, i) c U5(x, i). Define Mi = {x E R2](x, -i) E U’(x, i)} for i E (-1, l}. Foreach n E N 
denote by E,(r) the open disk of radius 2-” with center r in the Euclidean plane. 
For each n E N let 93,, be a point-finite 3’ open refinement of {E,(r)] r E R’}. For 
i+l,l} define for each rElR2\Mi and r’E$,,,,+,(r) a set B(r,r’) as follows: 
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Determine the smallest kEN such that there is a member B in %‘3k so that r‘s 
I3 c S:(,)(r). Let k(r, r’) = k and B( r, r’) = B. For all r E [w*\Mi let Z( r, i) = 
U{B(~, r’)x{-1, l}lr’ES~(,)+,(r)}u{(r, i)}. Obviously, K,(,)+,(r, i)cZ(r, i)c 
K,,,,(r, i) and Z(r, i) is open in X. Set 9(i)={Z(r, i)lrER*\M,} (ig{-1, 1)). We 
show that 9(l) is interior preserving in X. A similar proof can be used to show 
that 9(- 1) is interior preserving in X. 
Assume that 9( 1) were not interior preserving at z = (y, m) E X, where m E (-1, I}. 
Then, since for each k E N, B3, is a point-finite ‘22’ open collection, there exist two 
sequences of points r, E R2\M1, r; E R* and k(r,, rk) E N such that (a) y E B( r,, r;) E 
%k, Tm,Tm) and (b) k( r,,,, rb) + ~0, if rn + ~0. 
By definition for all m E N, y E B( r,, r;) = &.,,,,( r,). Since for all tll E f%, r, t? M,, 
we have that r,,, E S”:,,)(y). H ence n(y) > n( r,) for all m E N. Therefore, we can 
assume, without loss of generality, that n( r,,,) is equal to some constant n for all m E N. 
Note that k(r,, rI,)+ CO implies that the Euclidean distance from r, to rL 
converges to zero, if m tends to infinity, and that {B( r,,,, rL)lm E N} is a neighborhood 
base for the Euclidean topology 92’ at the point y E R*. Since rk E B(r,,,, II,) for all 
m EN, we see that rk +y in the topology %!* on R2, i.e., r,,, -+y in this topology. 
Therefore there exist e,fe PU such that r,,, E E,(y) c S,,(r,), if m EN and m ‘f: Hence, 
if m >f; we have that r, E S,‘(r,) = S,:,_,(r,,,); thus r, E M,, a contradiction. 
We conclude that 9(i) (i = -1, 1) is interior preserving in X. Define for each 
x E X, L,(x) = n {D(x E DE 9(i)}, where we use the convention that n0 = X. Then 
Li (i = - 1, 1) is a transitive neighbornet of X and if r E R2\Mi, we see that L,(r, i) c 
Z( r, i) c K,,,,( r, i) = U( r, i). Setting T = W n L-, n L, we get a transitive neighbor- 
net T such that T c Us. 
We remark that using a more complicated method of proof we have been able 
to construct a transitive neighbornet T’ that is contained in U’. 
Example 2. We show that the product of two transitive spaces need not be transitive. 
Let 9’ denote the Sorgenfrey topology on R. X’ will denote the topology on I&!* 
as defined in Example 1. Since generalized ordered spaces are transitive ([I], 
Theorem, p. 145), (R, Y) is transitive. In the discussion of Example 1 we have 
observed that (R’,‘Yt,) is transitive. We argue that (R3, YxYC’) is not transitive. 
The plane P = {(x, y, z) E R3jx = z} is closed in (R3, 9’ X Ycl). However, as a subspace 
of (W’, Y XX’), P is homeomorphic with the Kofner plane: If T denotes the yz-plane 
equipped with the topology of the Kofner plane, then the projection T + P in the 
direction of the x-axis is a homeomorphism. Since transitivity is a closed-hereditary 
property, we conclude that (W’, 9’ XX’) is not transitive. 
Remark. In the first part of question M of [l] and in [6], p. 134, it is asked whether 
compact spaces are transitive. We observe here that it is at least consistent that 
non-transitive compact spaces exist. In his paper “The integers and topology” 
[Handbook of Set-Theoretic Topology, ed. K. Kunen and J. Vaughan, North 
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Holland, 19841, E.K. van Douwen proves the following result (Theorem 13.4): 
If b = c, then each first countable space X of cardinality‘at most c is a quasi-perfect 
continuous image of some zero-dimensional, locally countable, locally compact 
T,-space D(X). Let K denote the Kofner plane. Since the closed continuous image 
of a transitive space is transitive ([l], Proposition, p. 135), D(K) is not transitive. 
Moreover, as a locally compact Hausdorff space is the intersection of a closed and 
an open set of any Hausdorff space in which it is embedded, no Hausdorff extension 
of D(K) is transitive. Since D(K) is locally countable, it is also an example of a 
locally transitive space that is not transitive (compare [ 11, Theorem 6.15 and Remark 
6.18). 
We would like to thank the referee for his valuable suggestions. 
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